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Abstract. To find the best partition of a large and complex network
into a small number of communities has been addressed in many dif-
ferent ways. In this paper, a new validity index for network partition is
proposed, which is motivated by the construction of Xie-Beni index in
Euclidean space. The simulated annealing strategy is used to minimize
this extended validity index, associating with a dissimilarity-index-based
k-means iterative procedure, under the framework of a random walker
Markovian dynamics on the network. The proposed algorithm(SAEVI)
can efficiently and automatically identify the community structure of the
network and determine an appropriate number of communities without
any prior knowledge about the community structure during the cooling
process. The computational results on several artificial and real-world
networks confirm the capability of the algorithm.

Keywords: Validity index, Community structure, Dissimilarity index,
Simulated annealing, K-means.

1 Introduction

In recent years we have seen an explosive growth of interest and activity on
the structure and dynamics of complex networks [1,2]. This is partly due to the
influx of new ideas, particularly ideas from statistical mechanics, to the subject,
and partly due to the emergence of interesting and challenging new examples
of complex networks such as the internet and wireless communication networks.
Network models have also become popular tools in social science, economics, the
design of transportation and communication systems, banking systems, power-
grid, etc, due to our increased capability of analyzing these models. Since these
networks are typically very complex, it is of great interest to see whether they
can be reduced to much simpler systems. In particular, much effort has gone into
partitioning the network into a small number of clusters [3,4,5,6,7,8], which are
constructed from different viewing angles comparing different proposals in the
literature. On a related but different front, recent advances in computer vision
and data mining have also relied heavily on the idea of viewing a data set or
an image as a graph or a network, in order to extract information about the
important features of the images or more generally, the data sets [9,10].
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In [6], a dissimilarity index for each pair of nodes and the corresponding hier-
archical algorithm to partition the networks are proposed. The basic idea is to
associate the network with the random walker Markovian dynamics [11]. This
can motivate us to solve the partition problem by an analogy to the traditional
k-means algorithm [12] based on this dissimilarity index. In traditional clustering
literature, a function called validity index [13] is often used to evaluate the qual-
ity of clustering results. The optimal number of clusters can be determined by
selecting the minimal value of the index. We construct an extended formulation
of Xie-Beni index [13], which has smaller values indicating stronger community
structure in networks. Then simulated annealing strategy [14,15] is utilized to
obtain the minimal value of the index, associating with a dissimilarity-index-
based k-means procedure.

We will construct our algorithm — simulated annealing to minimize the ex-
tended validity index (SAEVI) for network partition. From the numerical per-
formance to four model problems: the ad hoc network with 128 nodes, sample
networks generated from Gaussian mixture model, the karate club network and
the American football team network, we can see that our algorithm can effi-
ciently and automatically determine the optimal number of communities and
identify the community structure during the cooling process.

The rest of the paper is organized as follows. In Section 2, we briefly introduce
the dissimilarity index [6] which signifies to what extent two nodes would like
to be in the same community, then proposed the extended validity index for
network partition. After reviewing the idea of simulated annealing, we describe
our algorithm (SAEVI) and the corresponding strategies in Section 3. In Section
4, we apply the algorithm to four representative examples mentioned before.
Finally we make the conclusion in Section 5.

2 The Framework for Network Partition

2.1 The Dissimilarity Index and the Corresponding Center

In [6], a dissimilarity index between pairs of nodes is defined, which one can
measure the extent of proximity between nodes of a network. Let G(S, E) be a
network with n nodes and m edges, where S is the nodes set, E = {e(x, y)}x,y∈S

is the weight matrix and e(x, y) is the weight for the edge connecting the nodes x
and y. We can relate this network to a discrete-time Markov chain with stochastic
matrix P = (p(x, y)) whose entries are given by

p(x, y) =
e(x, y)
d(x)

, d(x) =
∑

z∈S

e(x, z), (1)

where d(x) is the degree of the node x [7,8,11]. Suppose the random walker is
located at node x. The mean first passage time t(x, y) is the average number of
steps it takes before it reaches node y for the first time, which is given by

t(x, y) = p(x, y) +
+∞∑

j=1

(j + 1) ·
∑

z1,··· ,zj �=y

p(x, z1)p(z1, z2) · · · p(zj , y). (2)
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It has been shown that t(x, y) is the solution of the linear equation

[I − B(y)]

⎛

⎜⎝
t(1, y)

...
t(n, y)

⎞

⎟⎠ =

⎛

⎜⎝
1
...
1

⎞

⎟⎠ , (3)

where B(y) is the matrix formed by replacing the y-th column of matrix P with
a column of zeros [6]. The difference in the perspectives of nodes x and y about
the network can be quantitatively measured. The dissimilarity index is defined
by the following expression

Λ(x, y) =
1

n − 2

(
∑

z∈S,z �=x,y

(
t(x, z) − t(y, z)

)2
) 1

2

. (4)

We take a partition of S as S =
⋃N

k=1 Sk with Sk

⋂
Sl = Ø if k �= l. If two

nodes x and y belong to the same community, then the average distance t(x, z)
will be quite similar to t(y, z), therefore the network’s two perspectives will be
quite similar. Consequently, Λ(x, y) will be small if x and y belong to the same
community and large if they belong to different communities. The center m(Sk)
of community Sk can be defined as

m(Sk) = arg min
x∈Sk

1
|Sk|

∑

y∈Sk,y �=x

Λ(x, y), k = 1, · · · , N, (5)

where |Sk| is the number of nodes in community Sk. This is an intuitive and
reasonable idea for us to choose the node reached others in the same community
with the minimum average dissimilarity index as the center of Sk.

2.2 The Extended Xie-Beni Index

A well known validity index for fuzzy clustering called Xie-Beni index [13] is
widely used to classify samples overlap in Euclidean space, which is based on
the fuzzy c-means algorithm [12]. The basic idea of FCM algorithm is to minimize
the following objective function with respect to the fuzzy memberships ρk(x) and
the cluster centers mk

J(ρ, m) =
N∑

k=1

∑

x∈S

ρb
k(x)‖x − mk‖2, b ≥ 1, (6)

where b > 1 is the fuzziness index. For the FCM algorithm with b = 2, Xie-Beni
index VXB can be explicitly written as

VXB =
∑

x∈S

∑N
k=1 ρ2

k(x)‖x − mk‖2

n mink �=l ‖mk − ml‖2
=

J(ρ, m)
nK(m)

. (7)



An Extended Validity Index for Identifying Community Structure 261

Here J(ρ, m) measures the compactness of the data set S and K(m) measures
the separation. The more separate the clusters, the larger K(m) and the smaller
VXB. We can find an optimal cluster number by solving min2≤N≤n−1 VXB to
produce a best clustering performance for the data set S.

We extend the idea of considering both compactness and separateness to our
formulation, and propose a new validity index for network partition as following

VE =

∑N
k=1

∑
x∈Sk

Λ2(x, mk)
mink �=l Λ2(m(Sk), m(Sl))

=
JE

KE
. (8)

where JE is the objective function constructed for the dissimilarity-index-based
k-means which reflects compactness, and KE plays the role of separation such
as K(m) in (7). An ideal partition requires a more stable state in space S =
{S1, . . . , SN}, which has smaller JE and larger KE . Thus, an optimal partition
can be find by solving

min
N

{
min

{S1,··· ,SN}
VE

}
. (9)

The global optimal problem (9) can be solved by searching over the all possible
N with k-means algorithm. But this will cost extremely much, since for each fixed
N , the k-means procedure should be operated 1000 to 5000 trials due to its local
minima. However, the simulated annealing strategy [14,15] can avoid repeating
ineffectively and lead to a high degree of efficiency and accuracy.

3 The Algorithm

The simulated annealing strategy is utilized here to address (9), which is moti-
vated by simulating the physical process of annealing solids [14]. Firstly, a solid
is heated from a high temperature and then cooled slowly so that the system at
any time is approximately in thermodynamic equilibrium. At equilibrium, there
may be many configurations with each one corresponding to a specific energy
level. The chance of accepting a change from the current configuration to a new
configuration is related to the difference in energy between the two states. The
simulated annealing strategy is widely used to optimization problems [15].

Let E = VE . E(n)and E(n+1) represent the current energy and new en-
ergy, respectively. E(n+1)is always accepted if it satisfies E(n+1) < E(n), but
if E(n+1) > E(n) the new energy level is only accepted with a probability as
specified by exp(− 1

T �E(n)), where �E(n) = E(n+1) − E(n) is the difference
of energy and T is the current temperature. The initial state is generated by
randomly N clusters, here N ∈ [Nmin, Nmax], and the initial temperature T is
set to a high temperature Tmax. A neighbor of the current state is produced by
randomly flipping one spin, then the energy of the new state is calculated. The
new state is kept if the acceptance requirement is satisfied. This process will
be repeated for R times at the given temperature. A cooling rate 0 < α < 1
decreased the current temperature until reached the bound Tmin. The whole
procedure of the Simulated Annealing to minimize the Extended Validity Index
(SAEVI) with k-means algorithm is summarized as follows
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(1) Set parameters Tmax, Tmin, Nmin, Nmax, α and R. Choose N randomly within
range [Nmin, Nmax] and initialize the partition {S(0)

k }N
k=1 randomly; Set the

current temperature T = Tmax.
(2) Compute the centers {m(S(0)

k )}N
k=1 according to (5), then calculate the initial

energy E(0) using the definition of VE (8); Set n∗ = 0.
(3) For n = 0, 1, · · · , R, do the following

(3.1) Generate a set of centers {m(S(n)
k )}N ′

k=1 according to our proposal below
and set N = N ′;

(3.2) Update the partition {S(n+1)
k }N

i=1 using

S
(n+1)
k =

{
x : k = argmin

l
Λ(x, m(S(n)

l )
}

, k = 1, · · · , N, (10)

and the corresponding {m(S(n+1)
k )}N

k=1 according to (5), then calculate
the new energy E(n+1) using (8);

(3.3) Accept or reject the new state. If E(n+1) < E(n) or E(n+1) > E(n) with
u ∼ U [0, 1], u < exp{− 1

T �E(n)}, then accept the new solution by setting
n = n + 1; Else,reject it;

(3.4) Update the optimal state, i.e. if E(n) < E(n∗), set n∗ = n.
(4) Cooling temperature T = α ·T . If T < Tmin, go to Step (5); Else, set n = n∗,

repeat Step (3).
(5) Output the optimal solution {S(n∗)

k }N
k=1 and the minimum energy E(n∗) of

the whole procedure.

Our proposal to the process of generating a new partition in Step (3.1) com-
prises three functions, which are deleting a current community, splitting a current
community and keeping a current community. At each iteration, one of the three
functions can be randomly chosen and the community strength [16]

M(Sk) =
∑

x∈Sk

(din(x) − dout(x)), k = 1, · · · , N, (11)

is used to select a center, where din =
∑

z∈Sk
e(x, z) and dout =

∑
z /∈Sk

e(x, z).
The three functions are described below

(i) Delete Community. The community with the minimal community strength
Sd is identified using (11) and its center should be deleted from {m(Sk)}N

k=1.
(ii) Split Community. The community with the minimal average community

strength

Ss = argmin
Sl

M(Sl)
|Sl| (12)

is chosen. The new center is obtained by

m(SN+1) = arg min
x∈Ss,x �=m(Ss)

Λ(x, m(Ss)). (13)

(iii) Keep Community. We maintain the center set {m(Sk)}N
k=1.
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Fig. 1. (a)The fraction of nodes classified correctly of ad hoc network by SAEVI com-
pared with the methods in [4]. (b)VE and JE changed with N for the network generated
from the given 3-Gaussian mixture model. (c)VE and JE changed with N for the karate
club network. (d)VE and JE changed with N for the football team network.

4 Experimental Results

4.1 Ad Hoc Network with 128 Nodes

We apply our methods to the ad hoc network with 128 nodes. The ad hoc network
is a typical benchmark problem considered in many papers [4,6,7,8]. Suppose we
choose n = 128 nodes, split into 4 communities containing 32 nodes each. Assume
pairs of nodes belonging to the same communities are linked with probability pin,
and pairs belonging to different communities with probability pout. These values
are chosen so that the average node degree, d, is fixed at d = 16. In other words
pin and pout are related as 31pin+96pout = 16. Here we naturally choose the nodes
group S1 = {1 : 32}, S2 = {33 : 64}, S3 = {65 : 96}, S4 = {97 : 128}. We change
zout from 0.5 to 8 and look into the fraction of nodes which correctly classified.
The fraction of correctly identified nodes is shown in Figure 1(a), comparing
with the two methods described in [4]. It seems that SAEVI performs noticeably
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Fig. 2. (a)400 sample points generated from the given 3-Gaussian mixture distribution.
The star symbols represent the centers of each Gaussian component. The circle, square
and diamond shaped symbols represent the position of sample points in each compo-
nent, respectively; (b)The partition for the network generated from the sample points
in (a) with dist = 0.8. The optimal extended validity index achieved is VE = 2.1130
and corresponds to the 3 communities represented by the colors.

better than the two previous methods, especially for the more diffusive cases
when zout is large.

4.2 Sample Network Generated from Gaussian Mixture Model

To further test the validity of the algorithm, we apply it to a sample network
generated from a Gaussian mixture model. This model is quite related the con-
cept random geometric graph proposed by Penrose [17]. We generate n sample
points {xi} in two dimensional Euclidean space subject to a K-Gaussian mixture
distribution

∑K
k=1 qkG (µk, Σk), where {qk} are mixture proportions satisfying

0 < qk < 1,
∑K

k=1 qk = 1. µk and Σk are the mean positions and covariance
matrices for each component, respectively. Then we generate the network as fol-
lowing: if |xi − xj | ≤ dist, we set an edge between the i-th and j-th nodes;
otherwise they are not connected. We take n = 400 and K = 3, then generate
the sample points with the means and the covariance matrices as follows

µ1 = (1.0, 4.0)T , µ2 = (2.5, 5.5)T , µ3 = (0.5, 6.0)T , (14a)

Σ1 = Σ2 = Σ3 =

(
0.15 0
0 0.15

)
. (14b)



An Extended Validity Index for Identifying Community Structure 265

1
2

3

4

5
6

7

8
9

10

11

12

13

14

15

16

17

18

19

20
21

22

23

24

25 26

27

28

2930

31

32

33
34

Fig. 3. The partition for the karate club network. The optimal extended validity index
achieved is VE = 4.0225 and corresponds to the 3 communities represented by the
colors.

Here we pick nodes 1:100 in group 1, nodes 101:250 in group 2 and nodes 251:400
in group 3 for simplicity (see Figure 2(a)). With this choice, approximately
q1 = 100/400, q2 = q3 = 150/400. The thresholding is chosen as dist = 0.8.
The numerical and partitioning results obtained by SAEVI are shown in Figure
1(b) and Figure 2(b). The objective function of k-means JE is decreasing as N
increases, while the extended validity index VE has a minimum.

4.3 The Karate Club Network

This network was constructed by Wayne Zachary after he observed social inter-
actions between members of a karate club at an American university [18]. Soon
after, a dispute arose between the clubs administrator and main teacher and
the club split into two smaller clubs. It has been used in several papers to test
the algorithms for finding community structure in networks [3,4,5,6,7,8]. The
numerical and partitioning results obtained by SAEVI are shown in Figure 1(c)
and Figure 3, which seem consistent with the original structure of the network.

4.4 The Football Team Network

The last network we investigated is the college football network which represents
the game schedule of the 2000 season of Division I of the US college football
league [3,6]. The nodes in the network represent 115 teams and edges represent
regular season games between the two teams they connect. The teams are di-
vided into conferences containing around 8 to 12 each. Games are more frequent
between members of the same conference than between members of different con-
ferences. The numerical and partitioning results obtained by SAEVI are shown
in Figure 1(d) and Figure 4. According to the results, almost all of the football
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Fig. 4. The partition for the American football team network. The optimal extended
validity index achieved is VE = 20.4117 and corresponds to the 11 communities repre-
sented by the colors.

teams are correctly clustered with the others in their conference. The teams in
Independents conference seem not belonging to any community, but they tend
to be clustered with the conference which they are most closely associated with.
The Sunbelt conference is split into three communities, clustered with a team
which is less connected in Western Athletic conference, Conference USA and
SEC. Only one member in Conference USA is grouped with most of the teams
in Western Athletic conference. All the other communities coincide with the
known structure and our algorithm performs remarkably well.

5 Conclusions

In this paper, we have proposed a new validity index for network partition and
used the simulated annealing strategy to minimize this index associating with
a dissimilarity-index-based k-means procedure. The algorithm (SAEVI) is con-
structed and succeeds in four representative examples. It is demonstrated by
experiments that our algorithm can identify the community structure with a
high degree of accuracy. The optimal number of communities can be efficiently
determined without any prior knowledge about the community structure during
the cooling process. The proposed validity index is competitive with the mod-
ularity for network community structure in the literature [4,5] which leads to
the model selection problem. However, the new validity index and the algorithm
considered in this paper are efficient and deserve to be investigated.
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