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Abstract. To find the best partition of a large and complex network
into a small number of communities has been addressed in many different
ways. The method conducted in k-means form under the framework of
diffusion maps and coarse-grained random walk is implemented for graph
partitioning, dimensionality reduction and data set parameterization. In
this paper we extend this framework to a probabilistic setting, in which
each node has a certain probability of belonging to a certain community.
The algorithm (FDM) for such a fuzzy network partition is presented
and tested, which can be considered as an extension of the fuzzy c-
means algorithm in statistics to network partitioning. Application to
three representative examples is discussed.

Keywords: Complex networks, Fuzzy community structure, Diffusion
maps, K-means, Fuzzy c-means.

1 Introduction

There has been an explosive growth of interest and activity on the structure
and dynamics of complex networks [II2l3] during recent years. This is partly
due to the influx of new ideas, particularly ideas from statistical mechanics, to
the subject, and partly due to the emergence of interesting and challenging new
examples of complex networks such as the internet and wireless communica-
tion networks. Network models have also become popular tools in social science,
economics, the design of transportation and communication systems, banking
systems, powergrid, etc, due to our increased capability of analyzing these mod-
els. Since these networks are typically very complex, it is of great interest to
see whether they can be reduced to much simpler systems. In particular, much
effort has gone into partitioning the network into a small number of commu-
nities [ABEITRIOTOITITZ], which are constructed from different viewing angles
comparing different proposals in the literature.

In a previous paper [10], a k-means approach is proposed to partition the
networks based on diffusion maps theory [13]. The basic idea is to associate the
network with the random walker Markovian dynamics [T4/T5], then the diffusion
distance is induced by a non-linear embedding coordinates that reflects the con-
nectivity of the data set, and the time parameter in the Markov chain determines
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the dimensionality reduction in the embedding. The final minimization problem
is solved by an analogy to the traditional k-means algorithm [I6].

The current paper extends the work [10] to a probabilistic setting. In statis-
tical literature, a widely used generalization of k-means algorithm is the fuzzy
c-means (FCM) algorithm [16]. In this framework, each node has a certain prob-
ability of belonging to a certain cluster, instead of assigning nodes to specific
clusters. This idea is quite valuable since usually it is not well separated for
most of networks. For the nodes lying in the transition domain between different
communities, the fuzzy partition will be more acceptable. To obtain the hard
clustering result, one only needs to threshold the weights. But the fuzzy parti-
tion presents more detailed information than the hard one, and it gives more
reasonable explanations in some cases.

We constructed our algorithm — fuzzy algorithm based on diffusion maps
(FDM) for network partition. From the numerical performance to three model
problems: the ad hoc network with 128 nodes, sample networks generated from
Gaussian mixture model and the karate club network, we can see that our al-
gorithm can automatically determine the association probability of each node
belonging to a certain community and lead to a high degree of efficiency and
accuracy.

The rest of the paper is organized as follows. In Section[2, we briefly introduce
the framework of diffusion maps and coarse-graining [I0], and then extend it to
a probabilistic setting. The algorithm (FDM) and corresponding computational
cost are described in Section Bl In Section H we apply our algorithm to three
examples mentioned before. The numerical results and performance are typically
compared. Finally, we conclude the paper in Section [l

2 Framework for Fuzzy Partition of Networks

The main idea of [10] is to define a system of coordinates with an explicit metric
that reflects the connectivity of nodes in a given network and the construction
is based on a Markov random walk on networks. Let G(S, E) be a network with
n nodes and m edges, where S is the nodes set, E = {e(,y) }s yes is the weight
matrix and e(z,y) is the weight for the edge connecting the nodes  and y. We
can relate this network to a discrete-time Markov chain with stochastic matrix
P with entries py(z,y) given by

my) =Y ) = e, 2), 1)

d(x) z€S
where d(z) is the degree of the node x [I4/15]. This Markov chain has stationary
distribution u(x) = > d(;)d(z) and it satisfies the detailed balance condition
zE

w(@)p1(z,y) = p(y)p1(y, ). The diffusion distance D;(x,y) between x and y is
defined as the weighted L? distance

2
Df(m,y) _ Z (pt(l',z) _pt(yaz)) (2)

= w(z)
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where the weight 1(2)~! penalize discrepancies on domains of low density more
than those of high density.

The transition matrix P has a set of left and right eigenvectors and a set of
eigenvalues 1 = Ao > [\| > - > |Ap—1] >0

Py = Nipi, oIP=Xul, i=0,1,---,n—1. (3)

Note that ¥y = p and pg = 1. We also have ¢;(x) = ¢;(z)u(x). Let q(t) be the
largest index 4 such that |\;|* > §|A1]* and if we introduce the diffusion map

Mgl (2)
Wy — : , (4)

then the diffusion distance D;(z,y) can be approximated to relative precision ¢
using the first ¢(¢) non-trivial eigenvectors and eigenvalues

q(t)
D) = 3N (pie) — 0iw) = 14(2) — B (5)

i=1

We take a partition of S as S = Uévzl Sk with S, (S = O if k # [, then the
geometric centroid ¢(Sk) of community Sy, is defined as

M
Z Sk Wt kzla"'va (6)

€Sy,

where ((Sk) = >, cg, #(z). The optimal partition is found by minimizing the
following distortion in diffusion space

Jh—z Y ul@)|W(z) = e(Sk)|* = Zzlsk o)W (x) = e(S) 1. (7)

k=1z€S} k=1z€S

The procedure of k-means algorithm is considered to address this optimization
issue which guarantees convergence towards a local minimum [T0/16].

In the formulation given above, each node belongs to only one community
after the partition. This is often too restrictive since in many diffusive networks,
nodes at the boundary among communities share commonalities with more than
one community and play a role of transition. This motivates the extension of
the diffusion maps theory to a probabilistic setting. Here we use the terminology
hard clustering since we take indicator function 1g, (x) in () when the node x
belongs to the k-th community. Now we extend it to the fuzzy clustering concept
where each node may belong to different communities with nonzero probabilities
at the same time. We will denote it as p(x) with the probability of the node
x belonging to the k-th community. Similar as before, given the number of the
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communities NV, we optimally reduce the random walker dynamics by considering
the following minimization problem

win I=3 Y A - (S (5)

k(@) o(Sk) k=1z€S

subject to the constraints 25:1 pr(x) = 1,z € S. Like most of the traditional
fuzzy c-means, b > 1 is a known constant. To minimize the objective function J

in (), we define
e =Y pi(2)n(2). 9)

zeS

The Euler-Lagrange equation according to our derivation for the minimization
problem (8) with constraints ZkN:1 pr(x) = 1,2 € S is given by the following

c=1" "I, (10a)

p=WILy, (10b)

where p? = (pi(az))k:LwN,xes is a N x n matrix and W is also N x n with
entries 1

Wi(z) = ) - (11)

1@ (x) — (k)| >=
The diagonal matrices I, I, and Iy.w are N x N, n x n and n x n respectively,
with entries

(Iﬂ)kl:/}kékl, k‘,l:L...,N, (12&)
Lu(z,y) = p(z)o(z,y), =,y€S, (12b)
Lw(z,y) ZWk x,y €S, (12¢)

where d§x; and §(z,y) are both Kronecker delta symbols.

Note that each geometric centroid in the set {c(Sk)} may not belong to the
set {¥;(z)}res itself. This can be a problem in some applications where such
combinations have no meaning. In order to obtain representatives {cy} of the
communities that belong to the original set S, the following definition of diffusion
centers should be computed

o = argmin |[(x) — c(Sp)[?, k=1, N, (13)

3 The Algorithm

A strategy suggested immediately by the Euler-Lagrange equations (I0) is to
iterate alternatively between the equations for p and p. This leads to the following
Fuzzy algorithm based on Diffusion Maps (FDM):



Fuzzy Algorithm Based on Diffusion Maps for Network Partition 167

(1) Set up the initial state p(®) at random, n = 0;
(2) Perform the following iteration according to () until |[p(*+1) — p(|| <

TOL: e
n ves Pr(@) " Y p(z)
C(Sk)( ) — > cs ]f(nfl) Uy (x), (14a)
H,
! 2
pk(l')(n) | & (z)—c(Sk) (™) || b—1 (14b)

= N 5
21 .

2
72 (z) —c(S1) ]| b=1

(n)

Here fi, " = > .cq p%(2)™ pu(z) and TOL is a prescribed tolerance;
(3) The final p(™) gives the fuzzy partition for each node and {cx} defined in (I3)
gives the node play the central role in diffusion process of each community;
(4) Classifying the nodes according to the majority rule, i.e. x € Sy, if m =
arg maxy, pi (), gives the deterministic partition.

We have found that the convergence rate depends on the structure of the net-
work. For a complex network with well-clustered community structure, the con-
vergence is usually fast. But for a very diffusive network, convergence may be
very slow. Now let us estimate the computational cost in each iteration. It is
easy to see that the computational cost for ¥ is O(q(t)n) and the computa-
tion of fi costs O(Nn), therefore the total cost in in the step of computing ¢ is
O((N +¢q(t))n). The cost for |@(z) — c(Sk)||? is O(q(t)Nn). So the cost for p is
also O(q(t)Nn).

The advantages of FDM algorithm are the initial values {péo)} can be ran-
domly chosen, and each process does not cost much. Though the algorithm can
only find the local minimum of the objective function, we still can improve it to
a global optimum by operating it for several times. The fuzzy community struc-
ture contains more detailed information and has more predictive power than the
old way of doing network partition.

4 Numerical Examples

4.1 Ad Hoc Network with 128 Nodes

The first example is the ad hoc network with 128 nodes. The ad hoc network is
a benchmark problem used in many papers [G[78/IT]. It has a known partition
and is constructed as follows. Suppose we choose n = 128 nodes, split them
into 4 communities with 32 nodes each. Assume that pairs of nodes belonging
to the same communities are linked with probability p;,, and pairs belonging
to different communities with probability pout. These values are chosen so that
the average node degree d is fixed at d = 16. In other words, piy, and poyt are
related as 31pi, + 96pout = 16. We denote S; = {1 : 32},52 = {33 : 64},S55 =
{65 : 96}, Sy = {97 : 128}. Typically, we define zoy; as the average number of
links a node has to nodes belonging to any other communities, i.e. zZout = 96pout,
and we use this quantity as a control parameter. We consider several value of
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Fig. 1. (a)The fraction of nodes classified correctly of ad hoc network by our method
compared with the methods used in [0]. (b)40 sample points generated from the given
3-Gaussian mixture distribution. (c)320 sample points generated from the given 4-
Gaussian mixture distribution. The star symbols represent the centers of each Gaussian
component. The circle, square, diamond and triangle shaped symbols represent the
position of sample points in each component, respectively.

Zout between 0 and 8 and calculated the fraction of correctly identified nodes by
our procedure if according to the majority rule. The time parameter is set by
t = 3 and the tolerance is TOL = 1075. The result is shown in Figure M(a). It
seems that FDM performs noticeably better compared to the techniques listed
in [6], especially for the more diffusive cases when zoyy is large. This verifies the
accuracy of FDM, but fuzzy method give more detailed information for each
node.

4.2 Sample Network Generated from the Gaussian Mixture Model

To further test the validity of the algorithms, we apply them to a sample net-
work generated from a Gaussian mixture model, which is quite related the
concept random geometric graph [I7]. We generate n sample points {x;} in
two dimensional Euclidean space subject to a N-Gaussian mixture distribution
ij:l a1 G (g, X%), where {qr} are mixture proportions satisfying 0 < ¢ <
1, Zivzl qr = 1 at first. pu;, and X are the mean positions and covariance ma-
trices for each component, respectively. Then we generate the network with a
thresholding strategy. That is, if |x; — ;| < dist, we set an edge between the
i-th and j-th nodes; otherwise they are not connected. With this strategy, the
topology of the network is induced by the metric.

Firstly We take n = 40 and N = 3, then generate the sample points with the
means and the covariance matrices as follows

g = (1.0,4.0)7, py = (2.3,5.3)7, uy = (0.5,5.8)7, (15a)

Y=y =33= 015 0 (15b)
el o0as)e
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Table 1. The association probability of each node belonging to different communities.
PR, Py Or pc means the probability belonging to red, yellow or green colored community
in Figure 2l(c), respectively.

Nodes 1 2 3 4 5 6 7 8 9 10 11 12 13 14

PR 0.9935 0.9829 0.9262 0.9469 0.9668 0.8628 0.9953 0.9666 0.9924 0.9668 0.0021 0.0014 0.0010 0.0058
Py 0.0025 0.0069 0.0313 0.0201 0.0138 0.0550 0.0018 0.0138 0.0028 0.0138 0.9954 0.9969 0.9976 0.9874
rG 0.0041 0.0103 0.0425 0.0330 0.0194 0.0822 0.0029 0.0195 0.0048 0.0194 0.0025 0.0017 0.0013 0.0069
Nodes 15 16 17 18 19 20 21 22 23 24 25 26 27 28

PR 0.0004 0.0095 0.0024 0.0751 0.0273 0.1293 0.0041 0.0014 0.0132 0.0041 0.1552 0.0245 0.0006 0.0245
I2% 0.9992 0.9793 0.9948 0.8250 0.9289 0.2708 0.9909 0.9969 0.9712 0.9909 0.6277 0.0204 0.0004 0.0204
rG 0.0004 0.0113 0.0028 0.0999 0.0437 0.5999 0.0050 0.0017 0.0156 0.0050 0.2171 0.9551 0.9990 0.9551

Nodes 29 30 31 32 33 34 35 36 37 38 39 40

PR 0.0063 0.0006 0.4525 0.0483 0.0029 0.0039 0.0049 0.0048 0.1864 0.0980 0.0391 0.0199
Py 0.0054 0.0004 0.0921 0.0543 0.0024 0.0028 0.0036 0.0037 0.0869 0.0612 0.0332 0.0170
rG 0.9884 0.9990 0.4554 0.8974 0.9947 0.9933 0.9914 0.9916 0.7267 0.8408 0.9276 0.9631

Fig. 2. (a)The network generated form the sample points in Figure [[(b) with the
parameter dist = 1.0. (b)The fuzzy community structure obtained by the weighted
color average in [I2]. (c)Partition the network with the majority rule.

Here we pick nodes 1:10 in group 1, nodes 11:25 in group 2 and nodes 26:40 in
group 3 for simplicity. With this choice, approximately ¢; = 10/40,q2 = g3 =
15/40. We take dist = 1.0 in this example. The sample points are shown in
Figure [Mi(b) and the corresponding network is shown in Figure 2l(a). We operate
our method with 1000 trials by setting ¢ = 3 and TOL = 1075. The asso-
ciation probabilities p are listed in Table [l We can see that FDM algorithm
achieve reasonable result that fits the intuition from the network topology vi-
sualization. The weights{px(z)} are shown in Figure 2(b), which shows more
clearly the transition between different communities [12]. Particularly the nodes
{6,18,20,25,31,32,37,38} show clearly transitional behavior. If we further parti-
tion by the majority rule, we obtain Figure 2(c).

Secondly we take n = 320 and N = 4, where nodes 1:80 are in group 1, nodes
81:160 in group 2, nodes 161:240 in group 3 and nodes 241:320 in group 4. This
means approximately g1 = g2 = g3 = ¢4 = 80/320. The other model parameters
are chosen as

wy = (1.0,5.0)7, py = (3.0,5.5)7,

16a
s = (1.0,7.0)7, u, = (3.0,7.5)7T, (162)



170 J. Liu

Y=y =33=X,= 0.15 0 (16b)
el 0as)
Here we take dist = 0.7. The sample points are shown in Figure [[lc) and the
corresponding network is shown in Figure[3(a). The fuzzy and hard partitioning
results are shown in Figure Blb) and Figure Blc). The partition obtained by the
majority rule coincide with the original sample points except node 17.

Naon- N
Y S N

Fig. 3. (a)The network generated form the sample points in Figure [M(c) with the
parameter dist = 0.7. (b)The fuzzy community structure obtained by the weighted
color average in [I2]. (c)Partition the network with the majority rule.

4.3 Karate Club Network

This network was constructed by Wayne Zachary after he observed social inter-
actions between members of a karate club at an American university [I8]. Soon
after, a dispute arose between the club administrator and main teacher and the
club split into two smaller clubs. It has been used in several papers to test the

Table 2. The association probability of each node belonging to different communities
for the karate club network. pr or py means the probability belonging to red or yellow
colored community in Figure [d{c), respectively.

Nodes 1 2 3 4 5 6 7 8 9 10 11 12

PR 0.1766 0.2510 0.3330 0.1942 0.3935 0.4356 0.4356 0.2095 0.5455 0.5318 0.3935 0.1962
PY 0.8234 0.7490 0.6670 0.8058 0.6065 0.5644 0.5644 0.7905 0.4545 0.4682 0.6065 0.8038

Nodes 13 14 15 16 17 18 19 20 21 22 23 24

PR 0.1864 0.2426 0.6029 0.6029 0.4674 0.2227 0.6029 0.3191 0.6029 0.2227 0.6029 0.6054
PY 0.8136 0.7574 0.3971 0.3971 0.5326 0.7773 0.3971 0.6809 0.3971 0.7773 0.3971 0.3946

Nodes 25 26 27 28 29 30 31 32 33 34

PR 0.5329 0.5472 0.7456 0.5569 0.6391 0.7353 0.5517 0.5734 0.7270 0.7287
PY 0.4671 0.4528 0.2544 0.4431 0.3609 0.2647 0.4483 0.4266 0.2730 0.2713
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Fig. 4. (a)The fuzzy colored plot of pr and py for each node in karate club network.
The transition nodes or intermediate nodes are clearly shown. (b)The partition ob-
tained by the majority rule. The result is the same as Zachary’s [I8].

algorithms for finding community structure in networks [BI7/TIIT2]. By operating
FDM with ¢t = 3 and TOL = 10~ to this example, we obtain the mean iterative
steps is 25 and the minimal value of the objective function Jy;, = 0.009 during
1000 trials. The numerical result is presented in Table[2l It shows that the nodes
{3,9,10,14, 20, 31, 32} have more diffusive probabilities and they play the role of
transition between the red and yellow colored groups. We can visualize the data
p more transparently with the the color vector average for each node shown in
Figure @l(a). If we classify the nodes according to the majority rule, we obtain
the same partition as Zachary’s [I8], which is shown in Figure E(b).

5 Conclusions

We extend the fuzzy clustering in statistics to the network partitioning problem
in this paper. It is a generalization of the previous k-means algorithm based on
diffusion maps of a random walker Markovian dynamics on the network [I0]. The
hard clustering concept, a node belongs to only one community, is extended to
the fuzzy clustering concept where each node may belong to different communi-
ties with nonzero probabilities. This is extremely meaningful in many diffusive
cases, nodes at the boundary among communities share commonalities with more
than one community and play a role of transition, and such probabilities can give
people more detailed information. We have proposed the fuzzy algorithm based
on diffusion maps (FDM), which is derived to search for the local minimum of the
objective function () under the fuzzy clustering framework. The algorithm can
be considered as a transform of fuzzy c-means for network partition. Moreover,
it succeeds in three examples, including the ad hoc network, sample networks
generated from Gaussian mixture model and the karate club network.
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