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Abstract. Detecting the community structure exhibited by real net-
works is a crucial step toward an understanding of complex systems
beyond the local organization of their constituents. Many algorithms
proposed so far, especially the group of methods in the k-means formu-
lation, can lead to a high degree of efficiency and accuracy. Here we test
three k-means methods, based on optimal prediction, diffusion distance
and dissimilarity index, respectively, on two artificial networks, includ-
ing the widely known ad hoc network with same community size and a
recently introduced LFR benchmark graphs with heterogeneous distri-
butions of degree and community size. All of them display an excellent
performance, with the additional advantage of low computational com-
plexity, which enables the analysis of large systems. Moreover, successful
applications to several real world networks confirm the capability of the
methods.

Keywords: Community structure, k-means, Optimal prediction, Diffu-
sion distance, Dissimilarity index.

1 Introduction

In recent years we have seen an explosive growth of interest and activity on the
structure and dynamics of complex networks [1, 2]. This is partly due to the
influx of new ideas, particularly ideas from statistical mechanics, to the subject,
and partly due to the emergence of interesting and challenging new examples
of complex networks such as the internet and wireless communication networks.
Network models have also become popular tools in social science, economics, the
design of transportation and communication systems, banking systems, power-
grid, etc, due to our increased capability of analyzing these models. Since these
networks are typically very complex, it is of great interest to see whether they
can be reduced to much simpler systems. In particular, much effort has gone
into partitioning the network into a small number of clusters [3–18], which are
constructed from different viewing angles comparing different proposals in the
literature. On a related but different front, recent advances in computer vision
and data mining have also relied heavily on the idea of viewing a data set or
an image as a graph or a network, in order to extract information about the
important features of the images or more generally, the data sets [19, 20].
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In a previous paper [13], an approach to partition the networks based on opti-
mal prediction theory proposed by Chorin and coworkers [21, 22] is derived. The
basic idea is to associate the network with the random walker Markovian dy-
namics [23], then introduce a metric on the space of Markov chains (stochastic
matrices), and optimally reduce the chain under this metric. The final mini-
mization problem is solved by an analogy to the traditional k-means algorithm
in clustering analysis [24]. Another work [7] is also along the lines of random
walker Markovian dynamics, then introduce the diffusion distance on the space
of nodes and identify the geometric centroid in the same framework. This prox-
imity reflects the connectivity of nodes in a diffusion process. Under the same
framework [6], a dissimilarity index for each pair of nodes is proposed, which
one can measure the extent of proximity between nodes of a network and signify
to what extent two nodes would like to be in the same community. They can
motivate us to solve the partitioning problem also by k-means algorithms [24]
under these two measures [16].

We will compare the above three algorithms in k-means formulation based
on optimal prediction, diffusion distance and dissimilarity distance, respectively.
From the numerical performance to the artificial networks: the ad hoc network
with 128 nodes and the LFR benchmark with 1000 nodes, we can see that the
three k-means methods identify the community structure during with a high
degree of accuracy, while they also produce little different. Moreover, applications
to four real word social networks, including the karate club network, the dolphins
network, the political books network and the SFI collaboration network, confirm
the differences among them.

The rest of the paper is organized as follows. In Section 2, we briefly introduce
the three type of k-means algorithms and corresponding framework. In Section
3, we apply the algorithms to six representative examples mentioned before.
Finally we make the conclusion in Section 4.

2 The Framework of k-Means Algorithms for Network
Partition

2.1 The k-Means Based on Optimal Prediction

In [13], a new strategy for reducing the random walker Markovian dynamics
based on optimal prediction theory [21, 22] is proposed. LetG(S,E) be a network
with n nodes and m edges, where S is the nodes set, E = {e(x, y)}x,y∈S is the
weight matrix and e(x, y) is the weight for the edge connecting the nodes x and
y. We can relate this network to a discrete-time Markov chain with stochastic
matrix p with entries p(x, y) given by

p(x, y) =
e(x, y)
d(x)

, d(x) =
∑

z∈S

e(x, z), (1)
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where d(x) is the degree of the node x [7, 23, 25]. This Markov chain has sta-
tionary distribution

μ(x) =
d(x)∑

z∈S d(z)
(2)

and it satisfies the detailed balance condition [13].
The basic idea in [13] is to introduce a metric for the stochastic matrix p(x, y)

‖p‖2
µ =

∑

x,y∈S

μ(x)
μ(y)

|p(x, y)|2 (3)

and find the reduced Markov chain p̃ by minimizing the distance ‖p̃−p‖µ. For a
given partition of S as S = ∪N

k=1Sk with Sk∩Sl = ∅ if k �= l, let p̂kl be the coarse
grained transition probability from Sk to Sl on the state space S = {S1, . . . , SN}.
This matrix can be naturally lifted to the space of stochastic matrices on the
original state space S via

p̃(x, y) =
N∑

k,l=1

1Sk
(x)p̂klμl(y), (4)

where 1Sk
(x) = 1 if x ∈ Sk and 1Sk

(x) = 0 otherwise, and

μk(x) =
μ(x)1Sk

(x)
μ̂k

, μ̂k =
∑

z∈Sk

μ(z). (5)

Based upon this formulation, we can find the optimal p̂kl for any fixed partition.
With this optimal form p̂kl, we further search for the best partition {S1, · · · , SN}
with the given number of communities N by minimizing the optimal prediction
error

min
{S1,··· ,SN},p̂kl

J =
∥∥p̃− p

∥∥2

µ
=
∑

x,y∈S

μ(x)
μ(y)

[
p̃(x, y) − p(x, y)

]2

=
∑

x,y∈S

μ(x)
μ(y)

p2(x, y) −
N∑

k,l=1

μ̂k

μ̂l
p̂2

kl. (6)

A direct calculation shows that the minimizer of (6) is one in which p̂ is given
by

p̂kl =
∑

x∈Sk,y∈Sl

μk(x)p(x, y). (7)

It can be checked that (7) is a stochastic matrix and μ̂ in (5) is an equilibrium
distribution for the Markov chain on S with transition matrix (7). Furthermore,
it is easy to see that (7) satisfies a detailed balance condition with respect to
μ̂. A variant of k-means algorithm can be used to handle (6). Given an initial
partition {S(0)

k }N
k=1, for n ≥ 0, use

S
(n+1)
k =

{
x : k = argmin

l
D(x, S(n)

l )
}

(8)
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to update the new state, where

D(x, Sk) =
N∑

l=1

∑

y∈Sl

μ(x)μ(y)
(
p(x, y)
μ(y)

− p̂kl

μ̂l

)2

. (9)

This is the theoretical basis for constructing the k-means algorithm for the com-
munity structure of complex networks in [13], which is considered to address this
optimization issue which guarantees convergence towards a local minimum.

2.2 The k-means Based on Diffusion Distance

The main idea of [7, 16] is to define a system of coordinates with an explicit
metric that reflects the connectivity of nodes in a given network and the con-
struction is also based on a Markov random walk on networks. The diffusion
distance D(x, y) between x and y is defined as the weighted L2 distance

D2(x, y) =
∑

z∈S

(p(x, z) − p(y, z))2

μ(z)
, (10)

where the weight μ(z)−1 penalize discrepancies on domains of low density more
than those of high density. This notion of proximity of nodes reflects the intrinsic
geometry of the set in terms of connectivity of the nodes in a diffusion process.
The transition matrix p has a set of left and right eigenvectors and a set of
eigenvalues 1 = λ0 ≥ |λ1| ≥ · · · ≥ |λn−1| ≥ 0

pϕi = λiϕi, ψT
i p = λiψ

T
i , i = 0, 1, · · · , n− 1. (11)

Note that ψ0 = μ and ϕ0 ≡ 1. We also have ψi(x) = ϕi(x)μ(x). Let q be the
largest index i such that |λi| > δ|λ1| and if we introduce the diffusion map

Ψ : x 
−→

⎛

⎜⎝
λ1ϕ1(x)

...
λqϕq(x)

⎞

⎟⎠ , (12)

then the diffusion distance D(x, y) can be approximated to relative precision δ
using the first q non-trivial eigenvectors and eigenvalues

D2(x, y) �
q∑

i=1

λ2
i

(
ϕi(x) − ϕi(y)

)2

= ‖Ψ(x) − Ψ(y)‖2. (13)

The geometric centroid c(Sk) of community Sk is defined as

c(Sk) =
∑

x∈Sk

μ(x)
μ̂(Sk)

Ψ(x), k = 1, · · · , N, (14)

where μ̂(Sk) =
∑

x∈Sk
μ(x) [7]. Here c(Sk) may not belong to the set {Ψ(x)}x∈S .

In order to obtain representative centers of the communities that belong to the
node set S, we introduce the diffusion center mD(Sk) by

mD(Sk) = arg min
x∈Sk

‖Ψ(x) − c(Sk)‖2, k = 1, · · · , N. (15)
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2.3 The k-Means Based on Dissimilarity Index

In [6, 16], a dissimilarity index between pairs of nodes is defined, which one
can measure the extent of proximity between nodes of a network. Suppose the
random walker is located at node x. The mean first passage time t(x, y) is the
average number of steps it takes before it reaches node y for the first time, which
is given by

t(x, y) = p(x, y) +
+∞∑

j=1

(j + 1) ·
∑

z1,··· ,zj �=y

p(x, z1)p(z1, z2) · · · p(zj, y). (16)

It has been shown that t(x, y) is the solution of the linear equation

[I −B(y)]

⎛

⎜⎝
t(1, y)

...
t(n, y)

⎞

⎟⎠ =

⎛

⎜⎝
1
...
1

⎞

⎟⎠ , (17)

where B(y) is the matrix formed by replacing the y-th column of matrix P with
a column of zeros [6]. The difference in the perspectives of nodes x and y about
the network can be quantitatively measured. The dissimilarity index is defined
by the following expression

Λ(x, y) =
1

n− 2

(
∑

z∈S,z �=x,y

(
t(x, z) − t(y, z)

)2
) 1

2

. (18)

If two nodes x and y belong to the same community, then the average distance
t(x, z) will be quite similar to t(y, z), therefore the network’s two perspectives
will be quite similar. Consequently, Λ(x, y) will be small if x and y belong to the
same community and large if they belong to different communities. The center
m(Sk) of community Sk can be defined as

m(Sk) = arg min
x∈Sk

1
|Sk|

∑

y∈Sk,y �=x

Λ(x, y), k = 1, · · · , N, (19)

where |Sk| is the number of nodes in community Sk. This is an intuitive and
reasonable idea for us to choose the node reached others in the same community
with the minimum average dissimilarity index as the center of Sk.

3 Experimental Results

3.1 Ad Hoc Network with 128 Nodes

We apply our methods to the ad hoc network with 128 nodes. The ad hoc network
is a typical benchmark problem considered in many papers [4, 6, 13–18]. Suppose
we choose n = 128 nodes, split into 4 communities containing 32 nodes each. As-
sume pairs of nodes belonging to the same communities are linked with probability
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Fig. 1. Test of the three k-means algorithms on the ad hoc network with respect to the
normalized mutual information defined in (21). Each point corresponds to an average
over 20 graph realizations.

pin, and pairs belonging to different communities with probability pout. These val-
ues are chosen so that the average node degree, d, is fixed at d = 16. In other words
pin and pout are related as

31pin + 96pout = 16. (20)

Here we naturally choose the nodes group S1 = {1 : 32}, S2 = {33 : 64}, S3 =
{65 : 96}, S4 = {97 : 128}.

Testing an algorithm on any graph with built-in community structure also
implies defining a quantitative criterion to estimate the goodness of the answer
given by the algorithm as compared to the real answer that is expected. For
reviews of similarity measures see [4, 9–18]. In the first tests of community de-
tection algorithms, one used a measure called fraction of correctly identified
nodes [4, 13–18], but it is not well defined in some cases when a detected com-
munity is a merger of two or more real communities, so a more precise measure,
which is called the normalized mutual information, is more appropriate [9–12].
It is based on defining a confusion matrix M , where the rows correspond to the
real communities, and the columns correspond to the found communities. The
member of M , Mkl is simply the number of nodes in the real community k that
appear in the found community l. The number of real communities is denoted
Nr and the number of found communities is denoted Nf , the sum over row k of
matrix Mkl is denoted Mk and the sum over column l is denoted Ml . A measure
of similarity between the partitions, based on information theory, is then

NMI(Sr, Sf ) =
−2
∑Nr

k=1

∑Nf

l=1Mkl log( nMkl

MkMl
)

∑Nr

k=1Mk log(Mk

n ) +
∑Nf

l=1Ml log(Ml

n )
. (21)

We change zout from 0.5 to 8 and look into the corresponding normalized mutual
information produced by the three methods, which is shown in Figure 1. It seems
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that OP k-means performs better than the two others, especially for the more
diffusive cases when zout is large.

3.2 The LFR Benchmark

The LFR benchmark [10–12] is a special case of the planted partition model, in
which groups are of different sizes and nodes have different degrees. The node
degrees are distributed according to a power law with exponent γ; the community
sizes also obey a power law distribution, with exponent β. In the construction
of the benchmark graphs, each node receives its degree once and for all and
keeps it fixed until the end. In this way, the two parameters pin and pout of
the planted partition model in this case are not independent. Once the value of
pin is set one obtains the value of pout and vice versa. It is more practical to
choose as independent parameter the mixing parameter μ, which expresses the
ratio between the external degree of a node with respect to its community and
the total degree of the node. Of course, in general one may take different values
for the mixing parameter for different nodes, but we will assume, for simplicity,
that μ is the same for all nodes, consistently with the standard hypotheses of the
planted partition model. A realization of the LFR benchmark, with 500 nodes
and parameters μ = 0.1, γ = 2, β = 1, 〈k〉 = 20, corresponding to 11 communities
represent by different colors is shown in Figure 2(a).

In Figure 3, we show what happens if one operates the three k-means methods
on the benchmark, for n = 1000 and the average degree 〈k〉 = 20. The four
panels correspond to four pairs for the exponents (γ, β) = (2,1), (2,2), (3,1),
(3,2). We have chosen combinations of the extremes of the exponents’ ranges in
order to explore the widest spectrum of network structures. Each curve shows
the variation of the normalized mutual information with the mixing parameter
μ. In general, we can infer that the k-means type methods give good results.

3.3 The Karate Club Network

This network was constructed by Wayne Zachary after he observed social inter-
actions between members of a karate club at an American university [26]. Soon
after, a dispute arose between the clubs administrator and main teacher and the
club split into two smaller clubs. It has been used in several papers to test the
algorithms for finding community structure in networks [3–6, 13–18]. The parti-
tioning results are shown in Figure 2(b). The three kinds of k-means algorithms
produce the same results, which seem consistent with the original structure of
the network.

3.4 The Dolphins Network

The dolphins network is an undirected social network of frequent associations
between 62 dolphins in a community living off Doubtful Sound, New Zealand [27].
The network was compiled from the studies of the dolphins, with ties between
dolphin pairs being established by observation of statistically significant frequent
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Fig. 2. (a)A realization of the LFR benchmark, with 500 nodes, corresponding to
11 communities represent by different colors. Here μ = 0.1, γ = 2, β = 1, 〈k〉 = 20.
(b)The community structure for the karate club network. The three kinds of k-means
algorithms produce the same results.
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Fig. 3. Test of the three k-means methods on the LFR benchmark. The number of
nodes n = 1000 and the average degree 〈k〉 = 20. The results clearly depend on all
parameters of the benchmark, from the exponents γ and β to the mixing parameter μ.
Each point corresponds to an average over 20 graph realizations.

association [4]. The results obtained by our methods are shown in Figure 4.
According to the results, the network seems splitting into two large communities
by the green part and the larger one and the larger one keeps splitting into a
few smaller communities, represent by different colors. The split into two groups
appears to correspond to a known division of the dolphin community [28]. The
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(a) (b) (c)

Fig. 4. The community structure for the dolphins network, corresponding 4 clusters
represent by different colors. (a)OP k-means; (b)DD k-means; (c)DI k-means. The
three kinds of k-means algorithms produce a little different.

(a) (b) (c)

Fig. 5. The community structure for the dolphins network, corresponding 4 clusters
represent by different colors. (a)OP k-means; (b)DD k-means; (c)DI k-means. The
three kinds of k-means algorithms produce nearly the same.

subgroupings within the larger half of the network also seem to correspond to
real divisions among the animals that the largest subpart consists almost of
entirely of females and the others almost entirely of males.

3.5 The Political Books Network

We consider the network of books on politics, which are assigned based on a
reading of the descriptions and reviews of the books posted on Amazon [5]. In
this network the nodes represent 105 recent books on American politics bought
from the on-line bookseller Amazon.com, and the edges join pairs of books that
are frequently purchased by the same buyer, as indicated by the feature that cus-
tomers who bought this book also bought these other books. As shown in Figure
5, nodes have been given whether they are conservative(box) or liberal(diamond),
except for a small number of books which are neutral(ellipse). The results are
shown in Figure 5. We find four communities denoted by different colors. It
seems that one of these communities consists almost entirely of liberal books
and one almost entirely of conservative books. Most of the neutral books fall in
the two remaining communities. Thus these books appear to form communities
of copurchasing that align closely with political views.
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(a) (b) (c)

Fig. 6. The community structure for the dolphins network, corresponding 4 clusters
represent by different colors. (a)OP k-means; (b)DD k-means; (c)DI k-means. The
three kinds of k-means algorithms produce a little different, while the result obtained
by OP k-means seems most reasonable.

3.6 The SFI Collaboration Network

We have applied the three k-means method to a collaboration network of sci-
entists at the Santa Fe Institute, an interdisciplinary research center in Santa
Fe, New Mexico [3, 6]. The 271 vertices in this network represent scientists in
residence at the Santa Fe Institute during any part of calendar year 1999 or
2000, and their collaborators. A weighted edge is drawn between a pair of sci-
entists if they coauthored one or more articles during the same time period. In
Figure 6, we illustrate the results from the application of our algorithm to the
largest component of the collaboration graph (which consists of 118 scientists).
We find that the algorithms split the network into a few strong communities,
with the divisions running principally along disciplinary lines. The community
at the top of the figure (red) is the least well defined, and represents a group of
scientists using agent-based models to study problems in economics and traffic
flow. The next community (green) represents a group of scientists working on
mathematical models in ecology, and forms a fairly cohesive structure The largest
community (yellow) is a group working primarily in statistical physics, and seems
sub-divided into several smaller groups. In this case, each sub-community seems
to revolve around the research interests of one dominant member. The final com-
munity at the bottom of the figure (blue) is a group working primarily on the
structure of RNA. It too can be divided further into smaller subcommunities,
centered once again around the interests of leading members.
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4 Conclusions

In this paper, we test three k-means methods, based on optimal prediction, dif-
fusion distance and dissimilarity index, respectively, on two artificial networks,
including the widely known ad hoc network with same community size and a
recently introduced LFR benchmark graphs with heterogeneous distributions of
degree and community size. All of them have an excellent performance, with
the additional advantage of low computational complexity, which enables one to
analyze large systems. They identify the community structure during iterations
with a high degree of accuracy, with producing little different. Moreover, suc-
cessful application to several real world networks confirm the capability among
them and the differences and limits of them are revealed obviously.
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