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NewmanJÑ��þ (modularity)

NewmanJÑ��þ (modularity)���Ǒ�ì(�`û5�Ýþ,Ù���L«�ì(��r.

Q =�ìSÜ�>ê−ù
>ê�Ï". (1)éu�½�©y {Sk}
N
k=1, Q�±�¤

Q =
1

2me

N
∑

k=1

∑

x,y∈Sk

(

e(x, y)− pE(x, y)
)

, pE(x, y) =
d(x)d(y)

2me
, (2)Ù¥ me´>þ�­�Ú∑

x,y∈S e(x, y)/2.4 è E,�ä�ì(��ÄåÆ�{ïÄ
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W. E, T. Li and E. Vanden-Eijnden,Proc. Natl. Acad. Sci. USA, 105
(2008), 7907–7912.ò�ä��ÅiÄ MarkovÄåÆéXå5,,�Ú\ê¼ó�m¥�
��f� Hilbert-Schmidt�ê,¿�3ù�Ýþe�`�zê¼ó.�ª�4�z¯Kdaqu k-means�S��{5�).
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, e(x, y)´ë� xÚ y�>��­.ùéAu�äþ��Ó5��ÅiÄ,�±ÏL�ÅÝ
 p = {p(x, y)}x,y∈Sòù��ä���lÑê¼óéXå5
p(x, y) =

e(x, y)
d(x)

, d(x) =
∑

z∈S

e(x, z). (3)Tê¼óäk²­©Ù
µ(x) =

d(x)
∑

z∈S d(z)
, (4)¿�÷v[�²ï^� µ(x)p(x, y) = µ(y)p(y, x).4 è E,�ä�ì(��ÄåÆ�{ïÄ



ïÄ�µ0�Äu�`ýÿ�ÄåÆ©«�{o(Ú�" Äu�`ýÿ�(½5©«�{Äu�`ýÿ�VÇ5©«�{Äuk�5�I�(½5©«�gÄ�.ÀJ
Hilbert-Schmidt�êe p´äk²­©Ù µ��ÅÝ
,½Â§� µ�êǑ

‖p‖2
µ =

∑

x,y∈S

µ(x)
µ(y)

|p(x, y)|2. (5)

µ�ê=Ǒ L2
µ(n)�m¥� Hilbert-Schmidt�ê,=

‖p‖2
µ = ‖p‖2

HS. (6)

p� µ�êǑ p�AÆ�²�Ú.
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⋃N

k=1 Sk,� Sk
⋂

Sl = ∅e k 6= l.� p̂kl ´G��m S = {S1, . . . , SN}¥l Sk � Sl �oâz=£VÇ,÷v
p̂kl ≥ 0,

N∑

l=1

p̂kl = 1. (7)

x y

p(x, y)

S1

S2

S3

S1 S2

S3

p̂12

p̂11

==============⇒
coarse-graining

p̂kl �±J,��©G��mþ��ÅÝ
�m
p̃(x, y) =

N∑

k,l=1

1Sk (x)p̂kl1Sl(y)
µ(y)
µ̂l

, µ̂k =
∑

z∈Sk

µ(z). (8)4 è E,�ä�ì(��ÄåÆ�{ïÄ
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XJ p̂´ Sþ��ÅÝ
,äk²­©Ù µ̂,Kd (8)½Â� p̃Ǒ Sþ��ÅÝ
,äk²­©Ù µ.?�Ú,XJ p̂÷v'u µ̂�[�²ï^�,K p̃÷v'u µ�[�²ï^�.
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min

{S1,...,SN}, p̂kl

E = ‖p − p̃‖2
µ =

∑

x,y∈S

µ(x)
µ(y)

|p(x, y)− p̃(x, y)|2

=
∑

x,y∈S

µ(x)
µ(y)

p2(x, y)−
N
∑

k,l=1

µ̂k

µ̂l
p̂2

kl

=

N
∑

k,l=1

∑

x∈Sk,y∈Sl

µ(x)µ(y)

∣

∣

∣

∣

p(x, y)
µ(y)

−
p̂kl

µ̂l

∣

∣

∣

∣

2

. (9)
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N
k=1, E�4��: p̃¥� p̂kXe/ª

p̂∗
kl =

1
µ̂k

∑

x∈Sk,y∈Sl

µ(x)p(x, y). (10)þª¥� p̂∗´�ÅÝ
, µ̂´ Sþ=£Ý
Ǒ p̂∗ �ê¼ó�²­©Ù,� p̂∗ ÷v'u µ̂�[�²ï^�.�½�ìê8 N,K4�z¯K (9)zǑ
min

{S1,...,SN}
E∗ =

N
∑

k,l=1

∑

x∈Sk,y∈Sl

µ(x)µ(y)

∣

∣

∣

∣

p(x, y)
µ(y)

−
p̂∗

kl

µ̂l

∣

∣

∣

∣

2

. (11)
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1 �Å�©z©« {S(0)

k }N
k=1.

2 éu n ≥ 0,O� p̂(n)
kl Xe

p̂(n)
kl =

1
µ̂k

∑

x∈S(n)
k ,y∈S(n)

l

µ(x)p(x, y). (12)

3 éu n ≥ 0,�#©« {S(n+1)
k }Xe

S(n+1)
k =

{

x : k = arg min
l

Ē(x, S(n)
l )

}

, k = 1, · · · ,N, (13)Ù¥
Ē(x, Sk) =

N
∑

l=1

∑

y∈Sl

µ(x)µ(y)

∣

∣

∣

∣

p(x, y)
µ(y)

−
p̂kl

µ̂l

∣

∣

∣

∣

2

. (14)
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Danon�<�'�©Û¥¤�9���{�O�þ.�ö �{IP �ê
Zhou & Lipowsky ZL O(n3)
Latapy & Pons LP O(n3)
Clauset� NF O(n log2 n)
Newman & Girvan NG O(nm2)
Girvan & Newman GN O(n2m)
Duch & Arenas DA O(n2 log n)
Fortunato� FLM O(m3n)
Radicchi� RCCLP O(m4/n2)
Donetti & Muñoz DM/DMN O(n3)
Bagrow & Bollt BB O(n3)
Capocci� CSCC O(n2)
Wu & Huberman WH O(n + m)
Palla� PK O(exp(n))4 è E,�ä�ì(��ÄåÆ�{ïÄ
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3DÚ(½5©«¥,z�!:3©«�=áu���ì.ù3éõ�/ekÛ�5,'X�ä¥�
����½A��ì�!:.

T. Li, J. Liu and W. E,Phys. Rev. E, 80 (2009), 026106.ò�ä��ÅiÄ MarkovÄåÆéXå5,Ó�Ú\ê¼ó�m¥�
��f� Hilbert-Schmidt�ê,¿3dÝþe�`�zê¼ó.�ª�4�z¯Kdaq fuzzyc-means�S��{�).VÇ5©«�{���ä¥z�!:±,�VÇláu,��ì,
Ø´ò!:©��(½��ì¥.
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ïÄ�µ0�Äu�`ýÿ�ÄåÆ©«�{o(Ú�" Äu�`ýÿ�(½5©«�{Äu�`ýÿ�VÇ5©«�{Äuk�5�I�(½5©«�gÄ�.ÀJoâz3 (8)¥,^��5�VÇ¼ê ρk(x)�O«5¼ê 1Sk(x),ùp ρk(x)´!: xáu1 k��ì Sk �VÇ,÷v
ρk(x) ≥ 0,

N
∑

k=1

ρk(x) = 1, x ∈ S. (15)

p̂kl�±J,��©G��mþ��ÅÝ
�m
p̃(x, y) =

N
∑

k,l=1

ρk(x)p̂klρl(y)
µ(y)
µ̂l

, µ̂k =
∑

z∈S

ρk(z)µ(z). (16)
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XJ p̂´ Sþ��ÅÝ
,äk²­©Ù µ̂,Kd (16)½Â� p̃Ǒ Sþ��ÅÝ
,äk²­©Ù µ.?�Ú,XJ p̂÷v'u µ̂�[�²ï^�,K p̃÷v'u µ�[�²ï^�.
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min

ρk(x), p̂kl

J = ‖p − p̃‖2
µ =

∑

x,y∈S

µ(x)
µ(y)

|p(x, y)− p̃(x, y)|2

=
∑

x,y∈S

µ(x)µ(y)





p(x, y)
µ(y)

−

N
∑

k,l=1

ρk(x)ρl(y)
p̂kl

µ̂l





2

(17)Ñlu�å^� (7)Ú (15),¿�l�äÄåÆ�ÆÝ�`/�zê¼ó. 4 è E,�ä�ì(��ÄåÆ�{ïÄ



ïÄ�µ0�Äu�`ýÿ�ÄåÆ©«�{o(Ú�" Äu�`ýÿ�(½5©«�{Äu�`ýÿ�VÇ5©«�{Äuk�5�I�(½5©«�gÄ�.ÀJ
Euler-Lagrange�§|�k�å∑N

k=1 ρk(x) = 1�¯K (17)� Euler-Lagrange�§|Ǒ
(

I−1
µ̂ · ˆ̂µ

)

· p̂ ·
(

I−1
µ̂ · ˆ̂µ

)

= p̂∗, (18a)

ρ = Iµ̂p̂−1 ˆ̂µ−1ρpT , (18b)ùp
p̂∗

kl =
1
µ̂k

∑

x,y∈S

µ(x)ρk(x)p(x, y)ρl(y), (19)

ˆ̂µkl =
∑

z∈S

µ(z)ρk(z)ρl(z) = (ρ · Iµ · ρT)kl, (20)

Iµ(x, y) = µ(x)δ(x, y), x, y ∈ S, (21a)

(Iµ̂)kl = µ̂kδkl, k, l = 1, . . . ,N, (21b)Ù¥ δ(x, y)Ú δkl þǑ Kronecker deltaÎÒ.4 è E,�ä�ì(��ÄåÆ�{ïÄ



ïÄ�µ0�Äu�`ýÿ�ÄåÆ©«�{o(Ú�" Äu�`ýÿ�(½5©«�{Äu�`ýÿ�VÇ5©«�{Äuk�5�I�(½5©«�gÄ�.ÀJ�ÝK�f��OS�{— AIP

1 ���©G� ρ(0) ǑC/ k-means���'u�ä¥z�!:(½5©«�«5Ý
, n = 0.
2 �1e¡�{üS�,�� ‖ρ(n+1) − ρ(n)‖ ≤ Etol:

p̂(n+1) = P [(ˆ̂µ−1 · Iµ̂ · p̂∗ · ˆ̂µ−1 · Iµ̂)
(n)], (22a)

ρ(n+1) = P [(Iµ̂p̂−1 ˆ̂µ−1ρpT)(n)]. (22b)ùp Etol ´�½�°Ý.
3 �ª� ρ(n) �Ñz�!:�VÇ5©«.

4 è E,�ä�ì(��ÄåÆ�{ïÄ



ïÄ�µ0�Äu�`ýÿ�ÄåÆ©«�{o(Ú�" Äu�`ýÿ�(½5©«�{Äu�`ýÿ�VÇ5©«�{Äuk�5�I�(½5©«�gÄ�.ÀJÝK�f P �ü«ÀJ� u = (u1, u2, . . . , un) ∈ R
n,� ui < 0� i ∈ Λ.ÀJ1:ÝK�>.���ÝK.� i ∈ Λ,- Pui = 0;ÄK,- Pui = ui/

∑

j/∈Λ uj.ÀJ2:�EÝK.Äkò uÝK��²¡∑n
i=1 ui = 1,,�u�ÝKL� u�z�©þ.XJ ui0 < 0,- Pui0 = 0,¿����z��²¡∑

i6=i0
ui = 12gÝK.éu�$���²¡­EdÝKL§,��vkK�©þǑ�.

4 è E,�ä�ì(��ÄåÆ�{ïÄ
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AIP�{��EÄu Euler-Lagrange�§|,,
�Ǒ��5¯K�S��{,ÙÂñ5ØU�y,ù«�/e,FÝeü��{Jø
��Ün�ÀJ:�ÝK�f�FÝeü�{ SDP, CGP.�êC����eü{ ETSD.
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p̂S�Ú�O�þ.5¿�3 p̂�S�Ú¥,¤k�Ý
Ñ´ N × N �.´�O� µ̂s¤ O(Nn),
O� ˆ̂µs¤ O(N2n).O� p̂∗s¤ O(N2m),Ù¥ mL«>ê,Ù3ý¢�ä¥Ï~b½´ O(n).O� ˆ̂µ−1�s¤´ O(N3).Ïd,O� p̂�Ú½¥�os¤´ O(N2(m + n)).

ρS�Ú�O�þ.
ρpT s¤ O(Nm), Iµ̂p̂−1 ˆ̂µ−1s¤ O(N3).¤±O� ρ�os¤´ O(N2n + Nm).

4 è E,�ä�ì(��ÄåÆ�{ïÄ
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Nodes 1 2 3 4 5 6 7 8 9 10 11 12
ρK 0.0427 0.0821 0.4314 0.0015 0 0 0 0.0111 0.6619 0.7430 0 0
ρW 0.9573 0.9179 0.5686 0.9985 1.0000 1.0000 1.0000 0.9889 0.3381 0.2570 1.0000 1.0000

Nodes 13 14 15 16 17 18 19 20 21 22 23 24
ρK 0 0.2262 1.0000 1.0000 0 0 1.0000 0.3012 1.0000 0 1.0000 1.0000
ρW 1.0000 0.7738 0 0 1.0000 1.0000 0 0.6988 0 1.0000 0 0

Nodes 25 26 27 28 29 30 31 32 33 34
ρK 1.0000 1.0000 1.0000 0.9496 0.8344 1.0000 0.7210 0.8956 1.0000 0.9475
ρW 0 0 0 0.0504 0.1656 0 0.2790 0.1044 0 0.0525

4 è E,�ä�ì(��ÄåÆ�{ïÄ
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1 ïÄ�µ0�
2 Äu�`ýÿ�ÄåÆ©«�{Äu�`ýÿ�(½5©«�{Äu�`ýÿ�VÇ5©«�{Äuk�5�I�(½5©«�gÄ�.ÀJ
3 o(Ú�"
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Jk−means

JAIP

<�k�I�(½�ì�ê8,¿��
 k-means.�{�8I¼ê��ìê8O\
~���(J.

J. Liu and T. Li,Physica A, 390
(2011), 3579–3591.JÑ�ä©«�k�5�I (validity index)�Ǒ�ì(��`û§ÝJø�«Ýþ,¿�O
Äuk�5�I��{5¢y(½5©«�gÄ�.ÀJ.�{ SAVI�k�£O�ì(�,¿��I?Û'u�ì(��k�&EÒ�±gÄ(½�ì��ê.4 è E,�ä�ì(��ÄåÆ�{ïÄ



ïÄ�µ0�Äu�`ýÿ�ÄåÆ©«�{o(Ú�" Äu�`ýÿ�(½5©«�{Äu�`ýÿ�VÇ5©«�{Äuk�5�I�(½5©«�gÄ�.ÀJ�ä©«�k�5�I3(½5©«�µe¥,æ^Ó��Ä�ìSÜ;�§Ý (compactness)��ìm©l§Ý (separation)�g�,¿�EXe�éu�ä©«�k�5�I
Vnet = J(p̂) · K(p̂). (23)

J(p̂)Ǒ (9)¥�8I¼ê,§�N�ìSÜ�;�§Ý;Ïf
K(p̂) =

1
N(N−1)

∑

k 6=l p̂kl

1
N

∑N
k=1 p̂kk

=
N −

∑N
k=1 p̂kk

∑N
k=1 p̂kk

·
1

N − 1
(24)å�
Ýþ�ì�m©l§Ý��^.�`©«�ÏL�)eã
��

min
N

{

min
{S1,··· ,SN}

Vnet

}

. (25)4 è E,�ä�ì(��ÄåÆ�{ïÄ
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�Ǒ���.ÀJ�µe,3þã���¥Ï~¬��XÛN�ëê5�� J(p̂)Ú K(p̂)�m¿�å�¯K,½Â

Vλ
net = J(p̂) · K(p̂)λ, λ ∈ R. (26)� λ = 0�, Vλ

netòz¤ J(p̂).3eã�¤kê�¢�¥,·�ò=�Ä�/ λ = 1,§®,�Ñ
÷¿�(J.
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1 ��ëê Tmax, Tmin, αÚ R.3«m [Nmin,Nmax]¥�ÅÀ� N,¿�Å�©z©« {S(0)
k }N

k=1.��
§Ý T = Tmax.

2 �â (12)Ú (13),^C/ k-meansO��A� p̂(0)
kl Ú {S(0)

k }N
k=1.|^½Â (23)O�Uþ E∗.

3 éu t = 0, 1, . . . ,R,�XeS�:

1 �âeãJÆ�)#�©« {S(t)
k }N′

k=1�Ǒ�©©«,¿� N = N′.
2 �â (12)Ú (13),^C/ k-means�#�A�oâz=£VÇ p̂(t)

kl Ú©« {S(t+1)
k }N

k=1.�â (23)�##Uþ E(t+1).
3 �âIO MetropolisOK�É#�©«,=±VÇ min{1, exp(− 1

T ∆E(t))}�É;- t = t + 1.
4 �#�`G�.e E(t) < E∗,K E∗ = E(t),¿P¹�
©«.

4 ü§ T = α · T. XJ T < Tmin,�1 (5);ÄK­E (3).
5 ÑÑ�`©« {Sk}

N
k=1Ú��Uþ E∗.4 è E,�ä�ì(��ÄåÆ�{ïÄ
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Mk = p̂kk, k = 1, · · · ,N (27)�^5ÀJ���ì,§�N1 k��ì�3g�
Øª�u=£�Ù§�ì¥�VÇ.w,,XJ�ìrÝ��,K§��ì(�5�r.ùü�ö�£ãXe:íØ���ì.äk���ìrÝ Md ��ì�(½,Ù¥ d = arg mink Mk.òÙl�
�©«¥íØ,¿òÙ¥�¹�!:Ü¿��ì Sk,Ù¥ k = arg maxm p̂dm.©����ì.äk���ìrÝ Ms ��ì�ÀJ,¿òÙ�Å©�¤ü������#�ì.XJ!:ê ns ´Ûê,ü�f�ì���K©OǑ (ns + 1)/2Ú (ns − 1)/2.4 è E,�ä�ì(��ÄåÆ�{ïÄ
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1 ïÄ�µ0�
2 Äu�`ýÿ�ÄåÆ©«�{Äu�`ýÿ�(½5©«�{Äu�`ýÿ�VÇ5©«�{Äuk�5�I�(½5©«�gÄ�.ÀJ
3 o(Ú�"
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ïÄ�µ0�Äu�`ýÿ�ÄåÆ©«�{o(Ú�"�©ïÄ�o(
(a) JÑ
E,�ä�ì(����VÇ5µe,Ù¥z�!:±,�VÇláu,���ì.ù�±w�´ÚO¥� fuzzyc-means�{��ä©«¯K�g,*�,Ǒ�±w�´�
��ä�`©«�(½5µe�í2.

(b) �O
��Äuk�5�I (validity index)��{5¢y(½5©«�gÄ�.ÀJ.JÑ�k�5�I¼ê�±Ǒ�ì(��`û§ÝJø�«Ýþ.ê�Á�L²�{3ü§L§¥�±k�éÑ�ì(�,¿��I?Û'u�ì(��k�&EÒ�±gÄ(½�ì��ê.�{� matlab§S�±l�þ�¤e1�^,e1ó�Ǒ:
http://dsec.pku.edu.cn/~tieli/software/SAVI.zip4 è E,�ä�ì(��ÄåÆ�{ïÄ

http://dsec.pku.edu.cn/~tieli/software/SAVI.zip


ïÄ�µ0�Äu�`ýÿ�ÄåÆ©«�{o(Ú�"�©ïÄ�o(
(c) ©O|^(Ü
ü« k-meansS���[ò»�{5��z�þ (modularity),±¢y(½5©«�gÄ�.ÀJ.ùü« k-means©OÄu�É5�IÚ*Ñål.�{�±����Nõ®k�{����þ��,lù�¿Âþ5`�L
Nõ®k��{.�{Ø=�±(½�ì��ê±9�ì(�,��±�Ñz��ì�¥%!:. (Physica A, 389 (2010), 2300–2309)

(d) �E
¢y�äVÇ5©«�gÄ�.ÀJ��{.JÑ
�
�þ (fuzzy modularity)¼ê,§�±w�´DÚ�þ���í2,¿Ǒ�ä�
�ì(��`û5Jø
Ýþ.�{�±k�(½z�!:áuØÓ�ì�VÇ,¿��©��
©«�±�ÅÀ�,�ì��êǑ�±gÄ(½
Ø2´òÙ�½Ǒ®���.ëê. (Eur. Phys. J. B, 77 (2010), 547–557)4 è E,�ä�ì(��ÄåÆ�{ïÄ



ïÄ�µ0�Äu�`ýÿ�ÄåÆ©«�{o(Ú�"�5ïÄ��"ÚÚÚOOO)))ººº: �©'uE,�ä�ì(��ïÄÄuÄåÆ�{.�e5·�F"l¥Ïé,«ÚO)º,¿3 BayesÚO�µee�E#��{.kkk������äää: ©Ì�?Ø�´���ä¥��ì(�.e5·�ò�åurù
ó�í2�k��ä¥,=í2�Ø�½÷v[�²ï^���Ǒ���ÄåÆ¥.���ggg(((���: �e5·�òïÄaqu©?àa�{ù��U
£OÑE,�ä¥�g(���{.ÄÄÄ������äää: XÛ½ÂÄ��ä,=��müz��ä¥��ì(�,¿òÙuÿÑ5ò´·�e�Ú�ó�,ù���3¢S¥äk��¿Â,~X Internet�ä��.¢¢¢SSSAAA^̂̂: òyk��{A^����¢S�¯K¥�,¢yA^d�.~X)ÔÆ�ä,�¬Æ�ä,±9�
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